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ilies have thre
According to the U.S. Census Bureau, ten percent of fami . :
family has four children, there are six sequences of births of boys and girls that result in fwo

boys and two girls. Find these sequences.

GBG B BaBq qup Bh4G BLaB G BeG

Pascal's Triangle L * Ve b f
' You can use the coefficients in powers of __ £ G0 migls to count the .num .er‘.O
- paossible _SE¢ENLS in situation such as the one above. Remember that a binomial s

polynomial with 1ALD M5 . Expand a few powers of the binomial
! b+g.

0 1.0 0

1 = V) =
- (bry)= 1YYy

\
(o |
(‘v;"f@)‘: g + lb'g” = 1b+ig

2 20 C 0 2 2 . 2
C[;fa) = UOﬂ t2bag +lbq = I +209+1ﬁ
- (b4g)(bta)

3
(btd) =

(o:a) (0+a) [0 b 2 4

t ] ) e 1 T 3
|+ 27" 269" 10975 07 367y +309 +lg

The CDQ’H:‘;M ent 6 of the b%g? in the expansion of (b + g)* gives the number of
sequences of births that result in two boys and two girls. As another example the coefficient 4
of the b'g® term gives the number of sequences with one boy and three girls.

Here are some patterns that can be seen in any binomial expansion of the form (a + b)".

1. Thereare ___ |1+ | terms.

2. The exponent n of (4440) 4 is the exponent of ain the first term and the
exponent of b in the last term.

3. Insuccessive terms, the exponent of a L{ECVCH\SQS by one, and the exponent of
b__ {nciiases by one.

4. The sum of the exponents in each termis __ ¥} .

5. The coefficients are _SymmeA4Yic . They _ 1n(¥¢052 at the
beginning of the expansioln and __ 3 8CYEQ4E. at the end.




Binomial Theorem

lar formation. This is known
row begins and ends with 1.

The co,ff'fuaen:s\f/prm a pattern that is of ten dis
as asiay =~ Tvianale Nohce that each

Each coefficient is the sum of the two (:oeffumem‘s about 1 in the previous row B
Co
! :
| S B
. T
(a+b) 1 |2 1)
-
(a+b)' 1 1
(a+b) 1 2 1
(a+b)’ 1 3 3 1
(a + b)* i $ 6 g 1
(a+b) 1 5 10 10 5 1
¢ ; — L
(as) | W 1S 2.0 |5 b
Example 1: Use Pascal's Triangle
Expand (x + y)
Werite two more rows of Pascal's triangle.
|

‘*2‘%555211

Use the patterns of a binomial expression and the coefficients to write the expansion of (x* y)

(x+y) =

| o F
¥ %S)( 27 f)gyd*rZ 1 7&2}/5* 7%7’% 1>y

\ ?70 + ?’Xy +7—l><y

/
mxyﬂlxy +55qu/5+5f)(\/ 4—2|)<Y +7’Xyﬂ
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The Binomial Theorem

Another way to show the coefficients in a binomial expansion is fo write them in terms of the
previous coefficients.

(a+b)0 1
(a+b)l 1 |
|
(a+b)2 1 2 2-!
) .2
(a+b)3 1 3 2-2% 3.2-|
I l 1-2.3
(@+b)d 1 4 4. v-3.2 4-3-2-]
! (=2 1-2:% (-2 3-4

r - .
This pattern provides the CO&%«;{ oL &Nt

4 i > of (a+b)n for any nonnegative integer n. The
pattern is summarized in the ___ 3inomia “ihe ovem

< /iy

If nis a nonnegative integer, then
+b)n= nyo n-y | n-2 2 b, N
Coom= oM+ DMyt 4 aln-Dpng 2 o)
-2
Example 2: Use the Binomial Theorem
Expand (a - b)®

The expansion will have __T__ terms. Use the sequence _{ , | , 12 j-2:3
Yo find the coefficients for the first four ferms. Thenuse __ Sy mme/%‘.m‘ Yo find the
remaining coefficients. v -
(@-b)6 = O\b—_(ﬂab y Sl = sy 2, l Ob
= —— A Y. 1A
] =3} .2+ 3

0 _ LB b' 415t - 20 020 150 bal’ + b

Note:

1
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cial products called

The factors in the coefficients of binomial expansion mvolre spe
o 2
is written 41 And 1s

4+ -3ny \ ¢
1 30D . For example, the product of 1052

read as >
| A T AW '!\"'\‘

LW ¥4
."‘\ 1/ 4N ) ) o ;
| AACTOYI AL . Ingeneral, if nis positive infeger, the
)

A\
) (n=-2) (N=2) --

~

Example 3: Factorials

Evaluate 8! .7 . (p-&
A W e N
AW \» R, ) (\p

%.2-1 %" 58N

lo-5-Y
et ol _ . :
.25 in Example 2 can be written as a quotient of

An expression such as . 2 <
factorials. Inthis case 2 _ Using this idea, you can rewrite the expansion of

(a + b)6 using factorials: 21 % '

! LA\ (El "TRY | s ! \ 2 2
I A A A U N gt R EN

a—

bi_.()\ ()
. st 42| 33! 24! 's!

You can also write this series using sigma notation. Lp' .
. b
a’b

i
'4./(/‘.{0 YL can be written both in JM’L—-

In general. the Pinomial
noation and in 2140 N notation.
W 4
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Example 4: Use a Factorial Form of the Binomial Theorem (2)( «}-\//)

-

<5 5. . ()" y" p o= (290

“

ko (O-B)! k!

~
\ 5-0 < o .5'3 5—44
> T P 0 | 5-1 1 | 722 ol 3 cr‘J
s "U‘X} Y + 2. ,(2)() y _f{ _'_i (2)() Y + __’_' - (_Zx) Y Ti,f: , &X) \’/../'
s O Y 2.2 2 3. 1y

A . ; 2 & R e
72X7  t BOx%Y 4 D0x’y F0xy” HOxy +yS
Sometimes you need to know only a particular term of a binomial expansion. Note that when the
Binomial Theorem is written in sigma notation, k = O for the first time, k = 1 for the second

term, and so on. In general, the value of k is always one less than the number of term you are
finding. - o -

Example 5: Find a Particular Term
Find the fifth term in the expansion of (p + q)10.
First, use the Binomial Theorem to write the expansion in sigma notation.

\D

Z ot ?loﬂu "
o (wohd T

If the fifth term, k = 4.




